Abstract. We determine the rationality of very general quasismooth Fano 3-fold weighted hypersurfaces completely and determine the stable rationality of them except for cubic 3-folds. More precisely we prove that (i) very general Fano 3-fold weighted hypersurfaces of index 1 or 2 are not stably rational except possibly for the cubic threefolds, (ii) among the 27 families of Fano 3-fold weighted hypersurfaces of index greater than 2, very general members of specific 7 families are not stably rational and the remaining 20 families consists of rational varieties.
Introduction
The aim of this paper is to study (stable) rationality of orbifold Fano 3-fold hypersurfaces by the combination of the specialization argument of universal CH 0 -triviality initiated by Voisin [24] , developed by Colliot-Thélène and Pirutka [7] , and the reduction modulo p argument by Kollár [16, 17] . The combination of these two arguments is firstly applied by Totaro [22] in the proof of stable non-rationality of hypersurfaces. We recall basic notions and some backgrounds briefly.
A projective variety X is rational if X is birational to the projective space, and X is stably rational if there exists m ≥ 0 such that X × P m is rational. Rationality problem, or in other words determining rationality of algebraic varieties, is a one of the fundamental problems in algebraic geometry. In dimension 3, the minimal model program reduces this problem to the same problem for Fano 3-folds of Picard number one, del Pezzo fibrations over P 1 and conic bundles over rational surfaces. We focus on Fano 3-folds (of Picard number one). Smooth Fano 3-folds have been well studied in this direction and their (stable) rationality is determined (cf. [13] ). A Fano 3-fold of Picard number one, which appears as an outcome of the MMP, in general has Q-factorial and terminal singularities and it is necessary to study (stable) rationality of such mildly singular Fano 3-folds.
By an orbifold Fano 3-fold hypersurface, we mean a Fano 3-fold with at most terminal singularities embedded in a weighted projective 4-space as a well formed and quasi-smooth hypersurface (see Definition 4.1). An orbifold Fano 3-fold hypersurface is Q-factorial, has Picard number 1 and has only isolated cyclic quotient terminal singularities. For an orbifold Fano 3-fold hypersurface X = X d ⊂ P(a 0 , . . . , a 4 ), where the subscript d indicates the degree of the defining equation of X, the positive integer α such that O X (−K X ) ∼ = O X (α) is called the index (or Fano index) of X. Explicitly, the index is given by α = a 0 + · · · + a 4 − d. There are 130 families of orbifold Fano 3-fold hypersurfaces (see [14] , [2] , [3] ). Among them, 95 families consist of index 1 Fano 3-folds. We recall known results on (stable) rationality for orbifold Fano 3-fold hypersurfaces.
Rationality questions for orbifold Fano 3-fold hypersurfaces of index 1 are settled in [15, 9, 5] where it is proved that they are birationally rigid, and in particular nonrational. Among them there are quite a few varieties whose stable non-rationality is known, namely, a very general quartic 3-fold [7] and a very general hypersurface of degree 6 in P (1, 1, 1, 1, 3 ), which is a double cover of P 3 branched along a very general hypersurface of degree 6 [1] .
Rationality questions for orbifold Fano 3-fold hypersurfaces of index greater than 1 have not been settled yet. It is well known that cubic 3-folds are not rational [6] . Stable non-rationality is known for a very general hypersurface of degree 4 in P(1, 1, 1, 1, 2), which is a double cover of P 3 branched along a very general hypersurface of degree 4 [24] , and for a very general hypersurface of degree 6 in P(1, 1, 1, 2, 3) [13] . The above Fano 3-folds are all smooth. In [19] , rationality questions for weighted hypersurfaces are studied and it is in particular proved that there are two families of singular orbifold Fano 3-fold hypersurfaces of index > 1 whose very general members are not rational.
We state the main theorem of this paper, which completely settles rationality questions for very general orbifold Fano 3-fold hypersurfaces, and also settles stable rationality questions for them except for cubic 3-folds. Theorem 1.1. Suppose that the ground field is the complex number field.
(1) A very general orbifold Fano 3-fold hypersurface of index 1 is not stably rational. (2) A very general orbifold Fano 3-fold hypersurface of index 2 is not stably rational except possibly for cubic 3-folds. (3) Among the 27 families of Fano 3-fold hypersurfaces of index greater than 2, 20 families consist of rational varieties and a very general member of the remaining 7 families is not stably rational (see Table 1 ).
We can re-state Theorem 1.1 in the following way, which gives a simple characterization of (stable) rationality of very general orbifold Fano 3-fold hypersurfaces in terms of weights of the ambient space and the degree of the hypersurface. Theorem 1.2. Let X = X d ⊂ P(a 0 , . . . , a 4 ), a 0 ≤ · · · ≤ a 4 , be a very general orbifold Fano 3-fold hypersurface of degree d defined over the complex number field. Then the following are equivalent.
(1) Either d < 2a 4 or d = 2a 4 = 2a 3 .
(2) X is rational. Moreover, if X is not a cubic 3-fold, then the above 2 conditions are equivalent to the following.
(3) X is stably rational.
Note that the implication (1) ⇒ (2) is easy (see Section 6) and (2) ⇒ (3) is trivial. The main result of this paper is to prove the implication (3) ⇒ (1).
The implication (1) ⇒ (2) holds true in any dimension: for a general orbifold Fano hypersurface X = X d ⊂ P(a 0 , . . . , a n+1 ), a 0 ≤ · · · ≤ a n+1 , of degree d, if either d < 2a n+1 or d = 2a n+1 = 2a n , then X is rational. The following question arises naturally. Question 1.3. Let X = X d ⊂ P(a 0 , . . . , a n+1 ), a 0 ≤ · · · ≤ a n+1 , be a very general orbifold Fano hypersurface of degree d and dimension n ≥ 3. Is there any X which Table 1 . (Stable) Rationality of orbifold Fano 3-folds of index > 1: In the column "Rat", the signs +, − and −− mean that a very general member is rational, not rational and not stably rational, respectively. The column "Ind" indicates the index of members of the family.
No.
X d ⊂ P(a 0 , . . . , a 4 ) Rat Ind No. X d ⊂ P(a 0 , . . . , a 4 ) Rat Ind 96 X 3 ⊂ P(1, 1, 1, 1, 1) − 2 113 X 4 ⊂ P(1, 1, 2, 2, 3) + 5 97 X 4 ⊂ P(1, 1, 1, 1, 2) −− 2 114 X 6 ⊂ P(1, 1, 2, 3, 4) + 5 98 X 6 ⊂ P(1, 1, 1, 2, 3) −− 2 115 X 6 ⊂ P(1, 2, 2, 3, 3) + 5 99 X 10 ⊂ P(1, 1, 2, 3, 5) −− 2 116 X 10 ⊂ P(1, 2, 3, 4, 5) −− 5 100 X 18 ⊂ P(1, 2, 3, 5, 9) −− 2 117 X 15 ⊂ P(1, 3, 4, 5, 7) −− 5 101 X 22 ⊂ P(1, 2, 3, 7, 11) −− 2 118 X 6 ⊂ P(1, 1, 2, 3, 5) + 6 102 X 26 ⊂ P(1, 2, 5, 7, 13) −− 2 119 X 6 ⊂ P(1, 2, 2, 3, 5) + 7 103 X 38 ⊂ P(2, 3, 5, 11, 19) −− 2 120 X 6 ⊂ P(1, 2, 3, 3, 4) + 7 104 X 2 ⊂ P(1, 1, 1, 1, 1) + 3 121 X 8 ⊂ P(1, 2, 3, 4, 5) + 7 105 X 3 ⊂ P(1, 1, 1, 1, 2) + 3 122 X 14 ⊂ P(2, 3, 4, 5, 7) −− 7 106 X 4 ⊂ P(1, 1, 1, 2, 2) + 3 123 X 6 ⊂ P(1, 2, 3, 3, 5) + 8 107 X 6 ⊂ P(1, 1, 2, 2, 3) −− 3 124 X 10 ⊂ P(1, 2, 3, 5, 7) + 8 108 X 12 ⊂ P(1, 2, 3, 4, 5) −− 3 125 X 12 ⊂ P(1, 3, 4, 5, 7) + 8 109 X 15 ⊂ P(1, 2, 3, 5, 7) −− 3 126 X 6 ⊂ P(1, 2, 3, 4, 5) + 9 110 X 21 ⊂ P(1, 3, 5, 7, 8) −− 3 127 X 12 ⊂ P(2, 3, 4, 5, 7) + 9 111 X 4 ⊂ P(1, 1, 1, 2, 3) + 4 128 X 12 ⊂ P(1, 4, 5, 6, 7) + 11 112 X 6 ⊂ P(1, 1, 2, 3, 3) + 4 129 X 10 ⊂ P(2, 3, 4, 5, 7) + 11 130 X 12 ⊂ P(3, 4, 5, 6, 7) + 13 is rational but satisfies neither d < 2a n+1 nor d = 2a n = 2a n+1 ? Moreover is there any X which is stably rational but not rational?
We explain a rough sketch of the proof of main theorems and then the organization of the paper. To each family of orbifold Fano 3-fold hypersurfaces which do not satisfy (1) of Theorem 1.2, we construct a subfamily whose members admit a cyclic covering structure over a weighted hypersurface. We then consider the subfamily over an algebraically closed field of characteristic p, where p is a prime number dividing the covering degree, so that a member X of the subfamily is an inseparable covering of a weighted hypersurface. By the Kollár's argument, we can prove that there exists a non-zero global differential 2-form η on X (which is regular on the smooth locus of X). The next task is to construct a resolution ϕ : Y → X of singularities of X satisfying good properties. Here good properties mean that ϕ is universally CH 0 -trivial and ϕ * η is a regular form on Y . The latter implies that Y is not universally CH 0 -trivial. Now we lift X to an orbifold Fano 3-fold hypersurface over C, and, by the specialization property of universal CH 0 -triviality, we can conclude that a very general member of the considered family is not stably rational.
In Section 2, we explain in detail that the existence of the above mentioned subfamily indeed implies the stable non-rationality of a very general member of the family. In Section 3, we consider weighted hypersurfaces X admitting an inseparable cyclic covering structure over a weighted hypersurface Z and give a condition for X to admit a resolution of singularities ϕ : Y → X satisfying good properties. The most important condition is the mildness of singularities of X, and thus we need to control them. We study singularities of X in terms of quasi-smoothness of X along a suitable stratum of the ambient space and in terms of critical points of the section defining the branched divisor of the covering X → Z. In Section 4, we give quasi-smoothness criteria for weighted hypersurfaces in positive characteristic and in Section 5 we give a criterion for a suitable section on a weighted hypersurface to have only mild critical points. In Section 6 we consider rationality of orbifold Fano 3-fold hypersurfaces. In Section 7 we apply criteria in Sections 4 and 5 for orbifold Fano 3-fold hypersurfaces and show that the condition given in Section 3 is satisfied, which will complete the proof of stable non-rationality by the result of Section 2. Finally, in Section 7, we exhibit an example of a stably non-rational orbifold Fano 3-fold hypersurface obtained in this paper and show that the rationality criterion [4, Theorem 1.8] in terms of absolute complexity is sharp. having interest on this work. The author is partially supported by JSPS KAKENHI Grant Number 26800019.
Preliminaries
2.1. Universal CH 0 -triviality. We explain the definition and basic properties of universally CH 0 -triviality. For a variety X, we denote by CH 0 (X) the Chow group of 0-cycles on X, which is by definition the free abelian group of 0-cycles modulo rational equivalence. Definition 2.1.
(1) A projective variety X defined over a field k is universally CH 0 -trivial if for any field F containing k, the degree map CH 0 (X F ) → Z is an isomorphism. (2) A projective morphism ϕ : Y → X defined over a field k is universally CH 0 -trivial if for any field F containing k, the push-forward map ϕ * :
We apply the following specialization arguments to orbifold Fano 3-fold hypersurfaces.
Lemma 2.2 ([7, Lemma 1.5])
. If X is a smooth, projective, stably rational variety, then X is universally CH 0 -trivial. Theorem 2.3 ([7, Théorème 1.14]). Let A be a discrete valuation ring with fraction field K and residue field k, with k algebraically closed. Let X be a flat proper scheme over A with geometrically integral fibers. Let X be the generic fiber X × A K and Y the special fiber X × A k. Assume that Y admits a universally CH 0 -trivial resolutioñ Y → Y of singularities. Let K be an algebraic closure of K and assume that the geometric generic fiber X K admits a universally CH 0 -trivial resolutionX → X K . If X is universally CH 0 -trivial, then so isỸ .
The following is a sufficient condition for universally CH 0 -non-triviality.
Lemma 2.4 ([22, Lemma 2.2])
. Let X be a smooth projective variety over a field k. If H 0 (X, Ω i X ) = 0 for some i > 0, then X is not universally CH 0 -trivial. 2.2. Framework of proof. Let a 0 , . . . , a n+1 , d be positive integers and P(a 0 , . . . , a n+1 ) the weighted projective space with homogeneous coordinates x 0 , . . . , x n+1 . Let X → P M Z be the family of weighted hypersurfaces of degree d in P(a 0 , . . . , a n+1 ) defined over Z. Here P M Z parametrizes the polynomials of degree d with coefficients in Z and in variables x 0 , . . . , x n+1 . For a field or a ring R, we denote by X R → P M R the base change of X → P M Z , which the family of weighted hypersurfaces of degree d in P(a 0 , . . . , a n+1 ) defined over R.
Our aim is to construct a (locally closed) subspace T ∼ = A N Z of P M Z , 0 < N ≤ M , satisfying the following condition. For a field k, we define
(1) A general member of the subfamily parametrized by T C ⊂ P M C is quasi-smooth and has only isolated cyclic quotient singularities. (2) There exists an algebraically closed field k of positive characteristic p such that T indep k = ∅ (see Definition 2.6 below) and a very general member X of the subfamily parametrized by T k ⊂ P M k has only isolated singular points and admits a resolution ϕ : Y → X of singularities with the following properties: (a) ϕ is an isomorphism over the smooth locus of X and the exceptional divisor of ϕ is a simple normal crossing (abbreviated as SNC) divisor whose components are smooth rational varieties.
. . , α N are algebraically independent over the prime field of k.
Example 2.7. We explain by an example that what kind of T we will consider. Let us consider weighted hypersurfaces of degree 9 in P = P (1, 1, 1, 3, 4) . Let x, y, z, w, t be the homogeneous coordinates of weight 1, 1, 1, 3, 4, respectively. The polynomials (up to a multiple of non-zero constant) in x, y, z, w, t of degree 9 with coefficients in Z can be parametrized by P 102 Z , so that we have a family X → P 102 Z of weighted hypersurfaces of degree 9 in P defined over Z. We consider the subfamily consisting of hypersurfaces defined by an equation of the form
Let T be the affine space parametrizing degree 9 polynomials f 9 (x, y, z, t) in variables x, y, z, t. We see that T ∼ = A 94 Z and we can naturally embed T → P 102 Z so that the fiber of X → P M over points of T are hypersurfaces defined by w 3 + f 9 = 0. The members parametrized by T are cyclic covers of P(1, 1, 1, 3) branched along a divisor of degree 9.
The most crucial condition is (2) whose verifications for orbifold Fano 3-fold hypersurfaces will be done in Section 7. In this section, we explain that the existence of T satisfying Condition 2.5 implies that a very general member of X C → P M C is not stably rational. Although the arguments below may be well known to experts, we include them for readers' convenience.
We keep the above setting and let Y = X × Spec Z T → T be the subfamily of X → P M Z . Let k be an algebraically closed field of characteristic p as in Condition 2.5.(2).
Remark 2.8.
(1) By Condition 2.5.
(1), a general member of the family X k → P M k is quasi-smooth and has only isolated cyclic quotient singularities for any algebraically closed field k of characteristic 0. Proof. We may assume that k is countable. Indeed, we can take finitely many elements γ 1 , . . . , γ m ∈ k such that, for k = F p (γ 1 , . . . , γ m ) ⊂ k, every objects appearing in Condition 2.5.(2) (X , ϕ : Y → X , etc.) can be defined over the algebraic closurē k ⊂ k and T indep k = ∅. Replacing k withk, we may assume that k is countable. Let R = W (k) be the ring of Witt vectors over k, which is a complete discrete valuation ring whose residue field is k and the quotient field K is of characteristic 0. Since R = k ⊕ k ⊕ · · · set-theoretically, its quotient field K is countable. This implies that there is an embedding ι 0 :K → C, whereK is a fixed algebraic closure of K.
Let X be a very general member of the family Y C → T C and P = (α 1 , . . . , α N ) ∈ T indep C the corresponding point. We choose and fix a point P = (α 1 , . . . , α N ) ∈ T indep k and let X be the corresponding member of Y k → T k . For each i, we choose and fix a lift a i ∈ R of α i via R → k. Let V be the fiber of X R → T R over the R-point (a 1 , . . . , a N ) ∈ T R . Note that V is a projective scheme over R whose special fiber V k is isomorphic to X . By Condition 2.5.(2) (and see also Remark 2.8), V k ∼ = X admits a universally CH 0 -trivial resolution ϕ : Y → X . Moreover Y is not universally CH 0 -trivial by Lemma 2.4. Since the α i are algebraically independent over F p , the a i ∈ K are algebraically independent over Q. It follows that the geometric generic fiber VK is a very general member of the family Y K → T K . In particular it is quasi-smooth and has only isolated cyclic quotient singularities. Thus there exists a universally CH 0 -trivial resolutionṼK → VK of singularities (see Remark 2.8). Hence, by Theorem 2.3,ṼK is not universally CH 0 -trivial. Now we can choose an automorphism τ : C → C which maps ι 0 (a i ) to α i . We set ι = τ • ι 0 :K → C. Then the base change via ι : K → C of the generic fiber of V → Spec R is isomorphic to X and the base changeṼ C → V C ∼ = X via ι of the resolutionṼK → VK gives a universally CH 0 -trivial resolution of X. The proof is completed sinceṼ C is not universally CH 0 -trivial. Lemma 2.10. A very general member of the family X C → P M C is not stably rational. Proof. LetK be an algebraic closure of the function field K = C(P M C ) and let XK be the geometric generic fiber of X → P M C . For a closed point P ∈ P M C , we denote by X P the fiber of X → P M C over P . By [23, Lemma 2.1], there exists a subset Σ ⊂ P M C which is a countable union of proper closed subsets of P M C such that X P is isomorphic to XK as an abstract scheme. The variety XK has only isolated cyclic quotient singularities and thus admits a universally CH 0 -trivial toric resolutionXK → XK. Moreover, if we are given a point P ∈ P M C \ Σ, then the fiber X P admits a universally CH 0 -trivial resolution Y P → X P such that Y P is isomorphic toXK as an abstract scheme. Since the Chow group of a variety X only depend on X as a scheme (see [23, Lemma 2.1]), it follows that Y P is universally CH 0 -trivial if and only if so isXK. Thus, if we show that there exists a point P ∈ P M C \ Σ such that Y P is not universally CH 0 -trivial, then, for any P ∈ P M C \ Σ, Y P is not universally CH 0 -trivial, hence X P is not stably rational.
By Lemma 2.9, for a very general point
C be a nonsingular curve such that Q ∈ C and C ⊂ Σ. We can indeed take such a curve C by choosing any point P ∈ P M C \ Σ and successively cutting down P M C by general hyperplanes passing through P and Q. By Theorem 2.3 applied to the local ring O C,Q , the geometric generic fiber X
is not universally CH 0 -trivial. Repeating the same argument as in the first part of the proof, we conclude that the fiber X P admits a universally CH 0 -trivial toric resolution Y P → X P such that Y P is universally CH 0 -trivial for a very general point P ∈ C. Since P ∈ C is very general and Σ ∩ C = ∅, we may assume that P / ∈ Σ. Therefore the proof is completed. 
Singularities of X can be understood by critical points of s. Let q ∈ Z be a point, x 1 , . . . , x n local coordinates of Z at q and τ a local generator of L at q. Then, locally around q, we can write s = f τ m , where
Definition 3.1. We say that s has a critical point at q if ∂f /∂x 1 = · · · = ∂f /∂x n = 0 at q. Note that the above definition does not depend on the choice of a local generator τ and local coordinates x 1 , . . . , x n . We have
We give a definition of admissible critical point of s, which ensures some mildness of singularities of X. The following definition is complicated and we refer readers to [21, Section 3.3] for details.
Definition 3.2. We say that s ∈ H 0 (Z, L) has an admissible critical point at q ∈ Z if in a local expression s = f τ m , f satisfies one of the following:
(1) Either n is even or n is odd and p = 2, and the quadratic part of f is nondegenerate. (2) n is odd, p = 2, m = 2 and length O Z,q /(∂f /∂x 1 , . . . , ∂f /∂x n ) = 2. (3) n is odd, p = 2, m = 2, 2 2 m, length O Z,q /(∂f /∂x 1 , . . . , ∂f /∂x n ) = 2 and s does not vanish at q. (4) n is odd, p = 2, m = 2, 2 2 m, length O Z,q /(∂f /∂x 1 , . . . , ∂f /∂x n ) = 2, s vanishes at q and the quadratic part of f is nondegenerate. (5) n is odd, p = 2, 2 2 | m, length O Z,q /(∂f /∂x 1 , . . . , ∂f /∂x n ) = 2 and the quadratic part of f is nondegenerate.
Note that the above definition does not depend on the choice of τ and x 1 , . . . , x n .
Remark 3.3. Suppose that n is odd and p = 2. In this case, by [17, Section V.5], the condition length O Z,q /(∂f /∂x 1 , . . . , ∂f /∂x n ) = 2 is satisfied if and only if in a suitable choice of local coordinates x 1 , . . . , x n , f can be written as
, where α, β, γ ∈ k with γ = 0 and g is a linear combination of monomials of degree at least 3 other than x 3
1 . Under the above choice of coordinates, f is nondegenerate if and only if β = 0.
3.2. Construction. Let P = P(a 0 , . . . , a n , b) be a weighted projective space defined over an algebraically closed field k of positive characteristic p with homogeneous coordinates x 0 , . . . , x n and w of weight a 0 , . . . , a n and b, respectively. Let m be a positive integer divisible by p. Let X be a weighted hypersurface in P defined by
We define Z to be the weighted hypersurface defined by f (x 0 , . . . , x n ,w) = 0 in the weighted projective space P(a 0 , . . . , a n , mb) of coordinates x 0 , . . . , x n andw and let π : X → Z be the morphism defined by
We set a sum = n i=0 a i . We introduce the following condition on X and Z.
Condition 3.4.
(1) Z is well-formed (see Definition 4.1) and normal. (2) There exists a non-empty smooth open subset Z • ⊂ Z such that the section w has only admissible critical points on Z • and X has at most isolated cyclic quotient singular points along 
and it is a reflexive sheaf of rank 1 (which may not be an invertible sheaf in general).
Let t be any global section of M ∼ = O Z (d − a sum ), which exists by Condition 3.4.(4). We have an injection O X → M, which is a multiplication by t, and let N ∼ = O X be its image.
Note that s does not have a critical point at V \Z • because otherwise X has a nonquotient singular point along 
Y . Let ϕ : Y → X be a resolution such that ϕ coincides ϕ U over U and ϕ is a toric resolution of singularities of isolated cyclic quotient singular points on X \ X • such that the fiber of ϕ over any cyclic quotient singular point is a SNC divisor whose component is a nonsingular toric variety. By Lemma 3.7 below (see also Remark 3.8), we conclude that
3.3. Lifting lemma for differential forms on toric varieties. In this subsection, we prove that the pullback via a toric resolution of a differential j-form on a toric variety is a regular j-form.
We recall necessary definitions of toric varieties and we refer readers to [11, Section 4] for details. Let M be an n-dimensional lattice and σ ⊂ M a convex rational polyhedral cone generating M Q = M ⊗ Z Q. Let k be a field and we set A = k[σ ∩ M], X = Spec A. For m ∈ σ ∩ M, we denote by χ m ∈ A the corresponding monomial, and by Γ σ (m) the smallest face of σ containing m.
We set V = M ⊗ Z k. For a face τ ⊂ σ, we define a subspace V τ ⊂ V as follow: if τ is of codimension one, then we define
and in general we define
where θ ranges over the faces of τ of codimension 1 containing τ . For j = 1, 2, . . . , n, we define
which is a M-graded k-vector space. It is easy to see that Ω j σ is naturally embedded into the A-module ( j V )⊗ k A and thus equipped with the structure of an M-graded A-module. Lemma 3.7. Let X be a toric variety over an algebraically closed field k and ϕ : Y → X a toric resolution of singularities of X. Then there is a homomorphism
Proof. A toric resolution ϕ : Y → X is obtained by subdividing the fan (in Hom Z (M, Z)) which defines X. We may assume that both X and Y are affine toric varieties since this is a local problem.
Let X = Spec A and
, where M is a lattice and σ is a cone in M R generating M R . Then we may assume that
which, together with Proposition 3.6 shows that there is a homomorphism
First, suppose that m is contained contained in the interior of σ ∩ M. Then, m is contained in the interior of σ ∩ M. In this case we have V Γσ(m) = V Γ σ (m) and they coincide with V = M ⊗ Z k. Suppose next that m is contained in the boundary of σ ∩ M. Let τ be a codimension one face of σ which contains m. If τ is not contained in a face of σ then m is contained in the interior of σ ∩ M. Now recall that V Γσ(m) is the intersection of V τ , where τ runs over the codimension one faces of σ which contain m. Therefore we have V Γσ(m) ⊂ V Γ σ (m) , and the proof is completed.
Remark 3.8. Let x ∈ X be a germ of an isolated toric singularity and let ϕ : Y → X be a toric resolution of x ∈ X. Lemma 3.7 implies that the pullback via ϕ of any
Quasi-smoothness in positive characteristic
A simple characterization of quasi-smoothness of weighted complete intersections defined over an algebraically closed field of characteristic 0 is given by Iano-Fletcher [14] (see also [20] for a slight generalization), which is based on Bertini theorem. The aim of this section is to give a quasi-smoothness criterion for weighted hypersurfaces in positive characteristics. Although our argument is technically involved, it is primitive and avoids the use of Bertini theorem.
We introduce basic definitions. Let P = P(a 0 , . . . , a n ) be a weighted projective space defined over an algebraically closed field k with homogeneous coordinates x 0 , . . . , x n of weight a 0 , . . . , a n , respectively. We always assume that P is well-formed, that is, gcd(a 0 , . . . ,â i , . . . , a n ) = 1 for any i. Definition 4.1. Let X be a closed subscheme of P and τ : A n+1 \ {o} → P the natural projection.
We say that X is quasi-smooth if the affine cone C X ⊂ A n+1 of X, which is the closure of τ −1 (X) in A n+1 , is smooth outside the origin o. For a non-empty subset S ⊂ P, we say that X is quasi-smooth along S if C X is smooth along τ −1 (S) ⊂ A n+1 .
We say that X is well formed if P is well formed and, for any 0 ≤ i < j ≤ n such that gcd{a 0 , . . . ,â i , . . . ,â j , . . . , a n } > 1, X does not contain the closed subset (x i = x j = 0) of P.
Remark 4.2. We note that for a quasi-smooth weighted complete intersection X ⊂ P(a 0 , . . . , a l ) of dimension at least 3, the Weil divisor class group Cl(X) is isomorphic to Z and is generated by a divisor (class) A such that O X (A) ∼ = O X (1). Indeed, we have an exact sequence
where θ(m) = mA and R is the coordinate (graded) ring of the quasi-affine cone C X (see e.g. [25, Theorem 1.6] ). Now we have Cl(R) ∼ = Cl(R m ), where m is the maximal ideal of the origin (see [12, Corollary 10.3] ). The latter is 0 since R m is a complete intersection local ring of dimension at least 4 which is regular outside the maximal ideal (see [12, Section 18] ). Thus Cl(X) = Z·A.
In the rest of this section we assume that the ground field is an algebraically closed field k of positive characteristic p.
For a subset I ⊂ {0, 1, . . . , n}, we define
We define P
• wt=1 = i∈{0,...,n} wt=1
which is an open subset of P.
Definition 4.3. For a non-empty subset
and call it the coordinate stratum of P with respect to I. We denote by Π I,P the closure of Π * I,P . For I = {i 1 , . . . , i k }, we sometimes drop the subscript P and write Π * I,P = Π * I , and also we write Π * I,P = Π * x i 1 ,...,x i k and Π I,P = Π x i 1 ,...,x i k .
Let I ⊂ {0, . . . , n} be a non-empty subset. For a polynomial h ∈ k[x 0 , . . . , x n ], we define h| Π * I to be the polynomial in variables { x i | i ∈ I } obtained by setting x j = 0 in h for all j ∈ {0, . . . , n}\I. For a matrix M = (h ij ) with entries
). Let Λ be a set of monomials in variables x 0 , . . . , x n . For a ring R, we denote by Λ R the free R-module generated by the monomials in Λ. In the following, we assume that Λ is a set of monomials of the same weighted degree.
and
We note that, while M Ξ,J is not defined when
We set M Λ = M Λ,{0,...,n} and M Λ = M Λ,{0,...,n} . We will sometimes write M Ξ,{x l 1 ,...,x l k } and M Ξ,{x l 1 ,...,x l k } instead of M Ξ,J and M Ξ,J .
4.1.
A basic criterion. Let P = P(a 0 , . . . , a n ) be a weighted projective space with homogeneous coordinates x 0 , . . . , x n of weight a 0 , . . . , a n , respectively, and Λ a set of monomials in x 0 , . . . , x n of weighted degree d.
Lemma 4.4. Let I ⊂ {0, . . . , n} be a non-empty subset. Suppose that rank M Λ (p) ≥ |I| for any point p ∈ Π * I,P . Then a general member X ∈ L(Λ) is quasi-smooth along Π * I,P . Proof. We identify W = Λ k with k λ via the basis Λ, where λ = |Λ|. Then, for a point p ∈ Π * I , the kernel, denoted by W p , of the map
is not quasi-smooth at p. By the assumption rank M Λ (p) ≥ |I|, the codimension of W p in W is at least |I|. Then, by counting dimension keeping in mind that dim Π * I,P = |I| − 1, we see that a general member of L(Λ) is quasi-smooth along Π * I,P . Definition 4.5. For a non-empty subset I ⊂ {0, . . . , n}, we say that Λ satisfies condition ( * ) I,P (resp. ( * ) I,P ) if there are a subset Ξ ⊂ Λ with |Ξ| = |I| and a subset J ⊂ {0, . . . , n} with |J| = |I| (resp. |J| = |I| − 1) such that
is a non-zero monomial. We say that Λ satisfies ( †) I,P if it satisfies either ( * ) I,P or ( * ) I,P .
It is clear from the above definition that if Λ satisfies ( * ) I,P , ( * ) I,P or ( †) I,P , then Λ satisfies ( * ) I,P , ( * ) I,P or ( †) I,P , respectively, for any set Λ of monomials in x 0 , . . . , x n containing Λ. Lemma 4.6. Let I ⊂ {0, . . . , n} be a non-empty subset. Suppose that Λ satisfies ( †) I,P . Then a general member of L(Λ) is quasi-smooth along Π * I,P . Proof. Put Π * = Π * I,P . We see that det(M Ξ,J )| Π * and det(M Ξ,J )| Π * are both k × k minors of M Λ | Π * . The conditions ( * ) I,P and ( * ) I,P imply that det(M Ξ,J | Π * )(p) = 0 and det(M Ξ,J | Π * )(p) = 0 for any p ∈ Π * , respectively. Thus rank(M Λ (p)) ≥ |I| for any p ∈ Π * and the assertion follows from Lemma 4.4.
4.2.
Quasi-smoothness of special weighted hypersurfaces I. Let P = P(a 0 , . . . , a n ) andP = P(a 0 , . . . , a n , b) be weighted projective spaces with homogeneous coordinates x 0 , . . . , x n and x 0 , . . . , x n , w of weight a 0 , . . . , a n and a 0 , . . . , a n , b, respectively. Let d be a positive integer divisible by b and we set m = d/b. We assume that m is divisible by p. The aim of this subsection is to make the quasi-smoothness criterion Lemma 4.6 simpler for a general weighted hypersurface inP defined by an equation of the form w m + f (x 0 , . . . , x n ) = 0. Let Λ be a set of monomials of weighted degree d = mb in variables x 0 , . . . , x n . Note that Λ does not contain a monomial involving w. Note also that we think of w as the (n + 1)th coordinate x n+1 , so that, for example, we have
Lemma 4.7. Let I ⊂ {0, . . . , n} be a non-empty subset. If Λ satisfies ( * ) I,P , then Λ ∪ {w m } satisfies both ( †) I,P and ( †) I∪{n+1},P .
Proof. By the assumption, there are subsets Ξ ⊂ Λ and J ⊂ {0, . . . , n} such that
is a non-zero monomial. It is obvious that Λ ∪ {w m } satisfies ( * ) I,P and hence ( †) I,P . Since m is divisible by p, we have
This shows that Λ ∪ {w m } satisfies ( * ) I∪{n+1},P and hence ( †) I∪{n+1},P .
Lemma 4.8. Let I ⊂ {0, . . . , n} be a non-empty subset. If Λ satisfies ( * ) I ,P for any non-empty subset I ⊂ I, then the weighted hypersurface inP defined by w m + f = 0 is quasi-smooth along Π I∪{n+1},P for a general f ∈ Λ k .
Proof. We have
It follows from Lemmas 4.7 and 4.6 that a general member of L(Λ ∪ {w m }) is quasismooth along Π I,P , and the proof is completed.
The following gives an easy criterion for the condition ( * ) I,P for I ⊂ {0, . . . , n} with |I| ≤ 2.
Lemma 4.9. Let Λ be a set of monomials of degree d in variables x 0 , . . . , x n .
(1) For i ∈ {0, . . . , n}, Λ satisfies ( * ) {i},P if and only if ether x k i ∈ Λ for some k with p k or x l i x j for some j = i and l. (2) For distinct i 1 , i 2 ∈ {0, . . . , n}, Λ satisfies ( * ) {i 1 ,i 2 },P if one of the following holds.
(a) x
Proof. It is easy to prove (1) and we leave it to readers. We prove (2) . Let Ξ be the set of the 2 monomials given in (a), (b), (c), (d) or (e) and we set Π * = Π * {i 1 ,i 2 },P . Then we have
Thus, any of the conditions (a), (b), (c) and (d) implies ( * ) {i 1 ,i 2 },P .
4.3.
Quasi-smoothness of special weighted hypersurfaces II. In this subsection, let P = P(a 0 , . . . , a n , c) be a weighted projective space with homogeneous coordinates x 0 , . . . , x n and v of weight a 0 , . . . , a n and c. Let d be a positive integer such that d = cm + a k for some k ∈ {0, . . . , n} and m ≥ 1. We fix such k. The aim of this subsection is to make the quasi-smoothness criterion Lemma 4.6 simpler for a general weighted hypersurface in P defined by an equation of the form v m x k + f (x 0 , . . . , x n ) = 0. Let Λ be a set of monomials of weighted degree d in variables x 0 , . . . , x n . Definition 4.10. Let I ⊂ {0, . . . , n} be a non-empty subset. We say that Λ satisfies ( ) k I,P if either there are subsets Ξ ⊂ Λ and J ⊂ {0, . . . , n} \ {k} with |Ξ| = |I| and
is a non-zero monomial or there are subsets Ξ ⊂ Λ and J ⊂ {0, . . . , n} \ {k} with |Ξ | = |I| − 1 and |J| = |I| such that
is a non-zero monomial.
We drop the superscript k from ( ) k I,P and denote it by ( ) I,P . It is clear that if Λ satisfies ( ) I,P , then it satisfies ( †) I,P . The following gives a criterion for quasi-smoothness along P \ P • wt>1 . Lemma 4.12. Suppose that Λ satisfies ( ) I,P for any non-empty subset I ⊂ {0, . . . , n} wt>1 . Then the weighted hypersurface in P defined by v m x k + f = 0 is quasi-smooth along P \ P • wt=1 for a general f ∈ Λ k . Proof. We have P \ P The following gives a criterion for quasi-smoothness when m = 1.
Lemma 4.13. Suppose that m = 1 and Λ satisfies ( ) I,P for any non-empty subset I ⊂ {0, . . . , n} \ {k}. Then the weighted hypersurface in P defined by vx k + f = 0 is quasi-smooth for a general f ∈ Λ k .
Proof. Let f ∈ Λ k be a general element and X the hypersurface in P defined by
we see that X is quasi-smooth along the open set (x k = 0) ⊂ P. We set
By Lemma 4.6, it is enough to show that {vx k } ∪ Λ satisfies ( †) I,P for any I ∈ I n+1 since P ⊃ (x k = 0) =
This follows from the assumption and Lemma 4.11 since
and {vx k } ∪ Λ clearly satisfies ( ) {n+1},P .
The following gives an easy criterion for the condition ( ) I,P for I ⊂ {0, . . . , n} with |I| ≤ 2.
Lemma 4.14. Let Λ be a set of monomials in variables x 0 , . . . , x n .
(1) For i ∈ {0, . . . , n}, Λ satisfies ( ) k {i},P if either x l i ∈ Λ for some l > 0 or x l i x j for some l > 0 and j ∈ {0, . . . , n} \ {i, k}. (2) For distinct i 1 , i 2 ∈ {0, . . . , n} \ {k}, Λ satisfies ( ) {i 1 ,i 2 },P if one of the following holds.
∈ Λ for some l 1 , l 2 , m 1 , m 2 ≥ 0 such that at least one of l 1 − m 1 and l 2 − m 2 is not divisible by p.
x j ∈ Λ for some l 1 , l 2 > 0 and j ∈ {0, . . . , n} \ {i 1 , i 2 , k}. (c) x
x j 2 ∈ Λ for some l 1 , l 2 > 0 and distinct j 1 , j 2 ∈ {0, . . . , n} \ {i 1 , i 2 , k}. (3) For i ∈ {0, . . . , n} \ {k}, Λ satisfies ( ) {i,k},P if one of the following holds.
. We prove (2) . Set Π * = Π * {i 1 ,i 2 },P . Let Ξ be the set of 2 monomials indicated in (a), (b), (c) or (d). Suppose that we are in case (a). Then
By the assumption, at least one of the above monomials is non-zero, and hence Λ satisfies ( ) {i 1 ,i 2 },P . In the other cases, we have
This shows that Λ satisfies ( ) {i 1 ,i 2 },P .
Finally we prove (3). Set Π * = Π * {i,k},P and let Ξ be the set of 2 monomials indicated in (a), (b), (c) or (d). We have
Therefore Λ satisfies ( ) {i,k},P .
We make simpler the quasi-smoothness criterion given in Lemma 4.13 when n = 3. In the following lemma, we assume k = 1 for simplicity of the description.
Lemma 4.15. Let P = P(a 0 , . . . , a 3 , c) be a weighted hypersurface with homogeneous coordinates x 0 , . . . , x 3 , v and let Λ be a set of monomials in variables x 0 , . . . , x 3 of degree d. Suppose that one of the following holds.
(1) x
3 ∈ Λ for some l 1 , l 2 , l 3 such that at least two of them are not divisible by p.
2 , x l 3 3 x 1 ∈ Λ for some l 1 , l 2 , l 3 such that p l 3 and either p l 1 or p l 2 .
1 ∈ Λ for some l 1 , l 2 , l 3 and Λ satisfies ( ) I,P for any nonempty subset I ⊂ {2, 3}. Then the weighted hypersurface in P defined by vx 0 + f = 0 is quasi-smooth for a general Λ k .
Proof. By Lemma 4.13, it is enough to show that Λ satisfies ( ) I,P for any nonempty subset I ⊂ {1, 2, 3}. By Lemma 4.14, it is easy to see that Λ satisfies ( ) I,P for any I ⊂ {1, 2, 3} with |I| ≤ 2. Thus it remains to show that Λ satisfies ( ) I,P for I = {1, 2, 3}. In the following, we denote by Ξ the set of 3 monomials indicated in (1), (2), (3) or (4), and we set Π * = Π * x 1 ,x 2 ,x 3 . Suppose that we are in case (1). We may assume that p l 1 and p l 2 . We have
which verifies ( ) I,P . Suppose that we are in case (2) . We have
. By the assumption, at least one of the above monomials is non-zero and thus ( ) I,P is verified.
Suppose that we are in case (3). We have
which verifies ( ) I,P .
Suppose that we in case (4). We have
3 , which verifies ( ) I,P .
Finally suppose that we are in case (5). It is clear that Λ satisfies ( ) {1},P since x
for i = 2, 3 and thus Λ satisfies ( ) {1,i},P for i = 1, 2. Further, we have
, which verifies ( ) {1,2,3},P . We have verified ( ) I,P for any I ⊂ {1, 2, 3} and thus the proof is completed.
Critical points
The aim of this section is to show that a suitable section on a weighted projective space or a weighted hypersurface has only admissible critical points. We introduce the following condition on positive integers a 0 , . . . , a n and d. (1) The set {0, . . . , n} wt=1 is non-empty, that is, there is i ∈ {0, . . . , n} such that a i = 1. (2) d ≥ 2a i for any i ∈ {0, . . . , n}. (3) If p = 2 and n is odd, then there are distinct j, k ∈ {0, . . . , n} such that d ≥ 3a j , 3a k .
Lemma 5.2. Let P = P(a 0 , . . . , a n ) be a weighted projective space. Suppose that a 0 , . . . , a n and d satisfy Condition 5.1 and that d is divisible by p. Then, a general section f ∈ H 0 (P, O P (d)) has only admissible critical points on P • wt=1 . Proof. We denote by x 0 , . . . , x n the homogeneous coordinates of P of weight a 0 , . . . , a n . Let p ∈ P • wt=1 be a point. Then, replacing coordinates, we may assume p = (1 : 0 : · · · : 0). Condition 5.1.(2) implies that the restriction map
p ) is surjective. If p = 2 or p = 2 and n is even, then the assertion follows from [16, 18 Proposition] . Suppose that p = 2 and n is odd. Let W p ⊂ H 0 (P, O P (d)) be the set of sections which have a critical point at p. It is easy to see that W p is of codimension 3 in H 0 (P, O P (d)). We will construct a section f which is contained in W p and has an admissible critical point at p. Note that a 0 = 1 since we arrange coordinates so that p = (1 : 0 : · · · : 0) ∈ P • wt=1 . By Condition 5.1. (3), we may assume d ≥ 3a 1 . We define
which is an element of W p and it has an admissible critical point at p. Therefore the set of sections which has a non-admissible critical point at p is of codimension at least n + 1 and the assertion follows from the dimension counting argument.
Next, let P := P(a 0 , . . . , a n , c) be a weighted projective space with homogeneous coordinates x 0 , . . . , x n and v of weight a 0 , . . . , a n and c, respectively. We fix k ∈ {1, 2, 3}. For a homogeneous polynomial f = f (x 0 , . . . , x 3 ) of weight d := c + a k , we denote by Z f the hypersurface in P defined by vx k + f = 0.
Lemma 5.3. Suppose that a 0 , . . . , a n and d := c + a k satisfy Condition 5.1 and that c is divisible by p. Then, for a general homogeneous polynomial f = f (x 0 , . . . , x n ) of weighted degree d, the section v ∈ H 0 (Z f , O Z f (c)) has only admissible critical points on Z f ∩ P • wt=1 . Proof. We see that, on a point p ∈ (x k = 0) ∩ Z f , v (or its translation) can be chosen as a part of local coordinates, so that v does not have a critical point at any point
We set U = (x k = 0) ∩ P • wt=1 ⊂ P. Let F be the affine space parametrizing the homogeneous polynomials in variables x 0 , . . . , x 3 of weight d. We define
Let p ∈ U be a point. We will compute the dimension of the fibers W cr p and W p over p of the projections W cr → U and W → U , respectively.
By replacing coordinates other than x k and v, we may assume that the coordinates other than x 0 , x k , v vanish at p and a 0 = 1. We work on the open subset U 0 = (x 0 = 0) ⊂ P which we identify with the affine space with coordinates x 1 , . . . , x n , v.
Suppose that k = 0, that is, Z f is defined by vx 0 +f = 0. Then, Z f ∩U 0 is defined by v + f (1, x 1 , . . . , x n ) = 0 and the point p corresponds to (0, . . . , 0, µ) ∈ U 0 for some µ ∈ k. We write f (1, x 1 , . . . , x n ) = α + g 1 + g 2 + · · · , where g i = g i (x 1 , . . . , x n ) is homogeneous of degree i (degree means the usual one; deg(x i ) = 1). Thus, v = −f ∈ W cr p if and only if α = −µ and g 1 = 0. The latter imposes n + 1 conditions. If p = 2 or p = 2 and n is even, then for an element f ∈ W cr p , we have (f, p) ∈ W p if and only if the Hessian of g 2 is 0, which imposes additional 1 condition. If p = 2 and n is odd, then we can construct f such that g 1 = 0, g 2 = x 2 1 + x 2 x 3 + · · · + x n−1 x n and g 3 = x 3 1 since d ≥ 3a 1 . This shows W p = W cr p . The above arguments show that the codimension of W p in F × U is at least n + 2.
Suppose that k = 0. We may assume k = 1, that is, Z f is defined in P by f (1, x 1 , . . . , x n ) = 0 and the point p corresponds to (λ, 0, . . . , 0, µ) for some λ, µ ∈ k with λ = 0. We set x * 1 = x 1 − λ. We can write f (1, x 1 , . . . , x n ) = α + g 1 + g 2 + · · · , where g i = g i (x * 1 , x 2 , . . . , x n ) is homogeneous of degree i. Passing to the completionÔ Z f ,p , we have
We see that (f, p) ∈ W cr p if and only if λµ + α = 0, g 1 − αλ −1 x * 1 = 0. The latter imposes n + 1 condition since d ≥ 2a i for any i. In case (f, p) ∈ W cr p , we have α = −λν and g 1 = −νx * 1 , that is, v = −ν + λ −1 g 2 + · · · . Thus, if p = 2 or p = 2 and n is even, then we can conclude that n + 2 conditions are imposed in order for (f, p) to be contained W p . If p = 2 and n is odd, then we may assume 3a n ≥ d and we can construct f such that α = −λν,
and g 3 = x 3 n + · · · . For such f , we see that v has an admissible critical point at p ∈ Z f . This shows W p = W cr p and thus the codimension of W p in F × U is at least n + 2. Therefore, by counting dimension, we conclude that v has only admissible critical points on Z f ∩ P • wt=1 .
Orbifold Fano 3-fold hypersurfaces: rationality
We say that a weighted hypersurface X in P(a 0 , . . . , a n+1 ) is a weighted cone if there exists i ∈ {0, . . . , n + 1} such that the defining equation of X does not involve the variable x i . The following rationality criterion is almost obvious. Proof. Let X be an irreducible and reduced weighted hypersurface of degree d in  P(a 0 , a 1 , . . . , a n+1 ) which is not a weighted cone. Note that we have d ≥ a n+1 because otherwise X is a weighted cone.
We claim that the defining equation of X can be written in a form x n+1 f + g = 0 where f, g are non-zero homogeneous polynomials in variables x 0 , . . . , x n . If the assumption d < 2a n+1 is satisfied, then this is clear. If the assumption d = 2a n = 2a n+1 is satisfied, then we may assume that X passes through the point p n+1 = (0 : · · · : 0 : 1) after possibly changing homogeneous coordinates suitably. With this choice of coordinates, It is clear that the defining equation of X is in the desired form.
Now it is easy to see that the projection X P(a 0 , a 1 , . . . , a n ) from the point p n+1 gives a birational map and X is rational. Proof. This follows immediately from Lemma 6.1.
Orbifold Fano 3-fold hypersurfaces: stable non-rationality
Among the 130 families of orbifold Fano 3-fold hypersurfaces, 20 families are rational by Proposition 6.2, and stable non-rationality of a very general member of the 4 families No. 1, 3, 97, 98 have been known. Furthermore, we do not treat cubic 3-folds, the family No. 96. The aim of this section is to prove stable non-rationality of very general members of the remaining 105 families. Although we do not treat the above mentioned families No. 1, 3, 97, 98, we remark that our argument can also be applied to those 4 families.
We treat families No. 19, 103 and 122 separately in Sections 7.5, 7.3 and 7.4, respectively. The remaining 102 families are divided into 2 groups named type I and type II, which consist of 65 and 37 families (see Tables 2 and 4) , and the proof of stable non-rationality will be given in Sections 7.1 and 7.2, respectively. ⊂ P(a 0 , . . . , a 4 ) p No.
2 64 X 26 ⊂ P(1, 2, 5, 6, 13) 27.1. Type I families. We consider families listed in Table 2 . The aim is to construct a subspace T of the parameter space P M of each family X → P M satisfying Condition 2.5. We explain how to read Table 2 . In the 2nd and 5th columns, the weighted degree d of the hypersurface and the ambient space P(a 0 , . . . , a 4 ) is given. Moreover, there is indicated a unique underlined weight. We choose homogeneous coordinates x, y, z, t, w of P(a 0 , . . . , a 4 ) so that w corresponds to the underlined weight and the others are ordered as wt(x) ≤ wt(y) ≤ wt(z) ≤ wt(t). For example, for family No. 4, w, x, y, z, t are the coordinates of P (1, 1, 1, 2, 2) of weight 1, 1, 1, 2, 2 , respectively, and for family No. 8, x, y, z, w, t are coordinates of P (1, 1, 1, 3, 4) of weights 1, 1, 1, 3, 4 , respectively.
In the following we treat type I families uniformly. Let X → P M be a type I family of weighted hypersurfaces of weighted degree d inP = P(a 0 , . . . , a 4 ) . We assume that a 4 is the underlined weight and let x 0 , . . . , x 3 and w be the coordinates of P(a 0 , . . . , a 4 ) of weight a 0 , . . . , a 3 and a 4 , respectively (When we treat a specific family individually, we use coordinates x, y, z, t instead of x 0 , . . . , x 3 ). We work over an algebraically closed field k of characteristic p, where p is the prime number given in the 3rd and 6th columns. Let Λ be the set of monomials in variables x 0 , . . . , x 3 of weighted degree d. We consider weighted hypersurfaces X defined inP by an equation of the form
where m = d/a 4 is a positive integer and f ∈ Λ k . Those hypersurfaces are parametrized by T k , where T ∼ = A N with N = |Λ| is the parameter space of polynomials in Λ Z . Let π : X → P = P(a 0 , . . . , a 4 ) be the projection which is the cyclic cover of P branched along the divisor (f = 0) ⊂ P. Note that the covering degree m is divisible by p. We set P • = P • wt=1 and X • = π −1 (P • ). In the following, we assume that X is general, that is, f is general in Λ k .
Lemma 7.1. X has only isolated cyclic quotient singularities along X \ X • .
Proof. It is enough to show that X is quasi-smooth along X \ X • . We set I = {0, 1, 2, 3} wt>1 . We have
Hence, by Lemma 4.8, it is enough to show that Λ satisfies ( * ) I ,P for any non-empty subset I ⊂ I. By Lemma 4.9, it is straightforward to check ( * ) I ,P for any I ⊂ I with |I | ≤ 2 and we leave it to readers (see Examples 7.2 below). In particular, the proof is completed for families such that |I| ≤ 2. In Table 3 , we list families (together with a set of monomials) such that |I| ≥ 3. For any such family, we have |I| = 3 and it remains to check ( * ) I,P for I = {0, 1, 2, 3} wt>1 . Let Ξ be the set of monomials in the 2nd or 4th column and let J be the set of 3 coordinates indicated as a subscript of Ξ. Then it is straightforward to check that det(M Ξ,J )| Π * I,P is a nonzero monomial, that is, Λ satisfies ( * ) I,P . This completes the proof. Example 7.2. We consider family No. 22. Let X = X 14 ⊂ P (1, 2, 2, 3, 7) be a weighted hypersurface defined by w 2 + f 14 (x, y, z, t) = 0, where f 14 ∈ k[x, y, z, t] is general and k is of characteristic 2. We set P = P (1, 2, 2, 3) and we have {0, 1, 2, 3} wt>1 = {1, 2, 3}. The existence of monomials y 7 , z 7 , t 4 y ∈ Λ shows that Λ satisfies ( * ) I,P for any I ⊂ {1, 2, 3} with |I| = 1. For I ⊂ {1, 2, 3} with |I| = 2, we have Here (and after), The above computations show that Λ satisfies ( * ) I,P for any non-empty subset of {0, 1, 2, 3} wt>1 and thus X is quasi-smooth along X \ X • .
Lemma 7.3. The section f ∈ H 0 (P, O P (d)) has only admissible critical points on
Proof. It is straightforward to check that Condition 5.1 is satisfied. Thus, the assertion follows from Lemma 5.2.
Proposition 7.4. Any type I family X → P M Z together with T satisfies Condition 2.5.
Proof. We first check that Condition 3.4 is satisfied for X and Z. Note that in this case we have Z = P andw = f . It is clear that (1) , (3) and (4) are satisfied. By Lemmas 7.1 and 7.3, (3) is satisfied.
Thus, by Proposition 3.5, Condition 2.5. (2) is satisfied. Here the condition T indep k = ∅ follows if we choose k so that it is uncountable. Quasi-smoothness of general members of the subfamily X C → P M C parametrized by T C follows from quasismoothness criterion [20, Theorem 3.3] in characteristic 0. Therefore Condition 2.5 is satisfied. Table 4 . In the 2nd and 6th columns, the weighted degree of the hypersurface and the ambient weighted projective space P(a 0 , . . . , a 4 ) is given. We choose homogeneous coordinates x, y, z, t, w of P(a 0 , . . . , a 4 ) so that w corresponds to the underlined weight and the others are arranged as wt(x) ≤ wt(y) ≤ wt(z) ≤ wt(t).
In the following we treat type II families uniformly. Let X → P M be a type II family of weighted hypersurfaces of weighted degree d inP = P(a 0 , . . . , a 4 ). We assume that a 4 is the underlined weight and let x 0 , . . . , x 3 and w be the coordinates ofP. Let Λ be the set of monomials in variables x 0 , . . . , x n of weighted degree d. We work over an algebraically closed field k of positive characteristic p, where p is the prime number given in the 3rd or 7th column. Let Λ be the set of monomials in variables x 0 , . . . , x 3 of weighted degree d. We consider weighted hypersurfaces X defined inP by an equation of the form
where w m x k is the monomials given in the 4th or 8th column and f ∈ Λ k . These hypersurfaces are parametrized by T k , where T ∼ = A N Z with N = |Λ| is the parameter space of polynomials in Λ Z . We define Z = (wx k + f = 0) ⊂ P = P(a 0 , . . . , a 3 , ma 4 ), wherew is the coordinate of weight ma 4 , and let π : X → Z be the morphism defined as π * w = w m . Note that m is divisible by p and π is an inseparable cyclic covering (of degree m) branched along the divisor (w = 0) ∩ Z. We define Z • = Z ∩ P • wt=1 and X • = π −1 (Z • ). In the following, we assume that X is general. Lemma 7.5. Z is well formed and quasi-smooth. In particular, Z • is nonsingular.
Proof. It is straightforward to check that Z is well formed, and we leave it to readers. We prove quasi-smoothness of Z. In Table 5 , we list a set of monomials in the 2nd, 5th and 8th columns except for families No. 18, 23, 44 , and this shows that Z is quasi-smooth by applying (j) of Lemma 4.15, where (j) is the one given in the 3rd, 6th or 9th column.
We consider family No. 18. We have x 12 , yx 10 , tx 9 ∈ Λ and thus, by Lemma 4.15. (5), it remains to check ( ) for the strata Π * y,t , Π * y and Π * t . We can check these easily by Lemma 4.14 since y 6 , t 4 , y 3 t 2 ∈ Λ.
We consider families No. 23, 44 and 90, respectively. We have x 14 , yx 12 , zx 10 ∈ Λ, x 20 , yx 18 , zx 15 ∈ Λ and x 42 , yx 38 , zx 28 ∈ Λ, respectively, and thus by Lemma 4.15. (5), it remains to check ( ) for Π * y,z , Π * y , Π * z . We can check these easily by Lemma 4.14 since y 7 , z 3 y ∈ Λ for family No. 23, y 10 , z 4 , z 2 y 5 ∈ Λ for family No. 44 and y 7 z, z 3 ∈ Λ for family No, 90. This completes the proof. Lemma 7.6. X has only isolated cyclic quotient singularities along X \ X • .
Proof. We first claim that X is quasi-smooth along (x k = 0) ⊂P. Let NQsm(X) and NQsm(Z) be the non-quasi-smooth loci of X and Z, respectively. We have
By Lemma 7.5, Z is quasi-smooth, which implies
We have
and thus NQsm(X) ∩ (x k = 0) = ∅, that is, X is quasi-smooth along (x k = 0). Let X be a member of family for which x k is of weight 1 (this corresponds to a family such that w m x is given in Table 4 ). In this case X \ X • is contained in (x k = 0) and thus X is quasi-smooth along X \ X • .
We assume that the weight of x k is at least 2 and we set I = {0, 1, 2, 3} wt>1 . By Lemma 4.12, it is enough to show that ( ) k I ,P is satisfied for any non-empty subset I ⊂ I. By Lemma 4.14, it is straightforward to check ( ) k I ,P for any subset I ⊂ I with |I| ≤ 2 and we leave it to readers. In particular the proof is completed if |I| ≤ 2.
In Table 6 , we list families (together with a set of monomials) such that the weight of x k is at least 2 and |I| ≥ 3. For any such family, we have |I| = 3 and thus it remains to check ( ) k I,P . Let Ξ be the set of 3 monomials given in the 2nd, 4th or 6th column of the table and J the set of 2 coordinates given as the subscript of Ξ. Then we see that det(M Ξ,J )| Π * I,P is a non-zero monomial and thus Λ satisfies ( ) I,P , which completes the proof. P(2, 3, 5, 11) and U = (x = 0) ∩ (y = 0) ⊂ P. Note that U is smooth. Let π : X → P be the projection which is a double cover branched along the divisor (f = 0) ⊂ P.
Lemma 7.8. X is quasismooth along X \ π −1 (U ). In particular X has only isolated cyclic quotient singularities along X \ π −1 (U ).
where I 0 = {1, 2, 3} and I 1 = {0, 2, 3}. By Lemma 4.8, it is enough to show that Λ satisfies ( * ) I,P for any non-empty subset I of either I 0 or I 1 . By Lemma 4.9, it is straight forward to check ( * ) I,P for I with |I| ≤ 2. For the strata Π * I 0 ,P = Π * y,z,t and Π * I 1 ,P = Π * x,z,t , we have ∂{t 3 z, z 7 y, y 12 x} ∂{x, y, z}
which shows that X is quasi-smooth along X \ π −1 (U ).
Lemma 7.9. The section f ∈ H 0 (P, O P (38)) has only admissible critical points on U .
Proof. We show that, for any point p ∈ U , the map
is surjective and there exists g ∈ H 0 (P, O P (38)) which has an admissible critical point at p, which will complete the proof by the dimension counting argument.
We have an identification U ∼ = (A 1 u \ {0}) × A 2 z,t . where z| U and t| U are simply denoted by z, t, and x| U = y| U = u. Replacing coordinates we may assume p = (λ : 1 : 0 : 0) ∈ U for some λ = 0 and, by the above identification, p = (λ 2 , 0, 0). We set u * = u − λ 2 so that m p = (u * , z, t). We have We denote by x, y, z, t, w the homogeneous coordinates of weight 2, 3, 4, 5, 7, respectively. We work over an algebraically closed field k of characteristic 2. Let Λ be the set of monomials in variables x, y, z, t of weighted degree 14. We consider weighted hypersurfaces X ⊂P defined by an equation of the form
These X are parametrized by T k , where T ∼ = A N Z with N = |Λ| parametrizes the polynomials in Λ Z . In the following we assume that X is general. We set P = P(2, 3, 4, 5) and U = (x = 0) ∩ (y = 0) of P (2, 3, 4, 5) . Note that U is smooth. Let π : X → P be the projection which is the double cover branched along the divisor (f = 0) ⊂ P. The arguments for this family are almost the same as in the previous subsection.
Lemma 7.11. X is quasi-smooth along X \ π −1 (U ). In particular X has only isolated cyclic quotient singularities along X \ π −1 (U ).
Proof. As in the proof of Lemma 7.8, it is enough to show that Λ satisfies ( * ) I,P for any non-empty subset I of either I 0 or I 1 , where I 0 = {1, 2, 3} and I 1 = {0, 2, 3}. By Lemma 4.9, it is easy to check ( * ) I,P for I with |I| ≤ 2. For the strata Π * I 0 ,P = Π * y,z,t and Π * I 1 ,P = Π * x,z,t , we have ∂{y 3 t, z 3 x, t 2 z} ∂{x, y, z}
which show that X is quasi-smooth along X \ π −1 (U ).
Lemma 7.12. The section f ∈ H 0 (P, O P (14)) has only admissible critical points on U .
is surjective and there exists g ∈ H 0 (P, O P (14)) which has an admissible critical point at p, which will complete the proof. We have an identification U ∼ = (A 1 u \ {0}) × A 2 z,s . where z| U and s| U are simply denoted by z, s, and x| U = y| U = u. Replacing coordinates we may assume p = (λ : 1 : 0 : 0) ∈ U for some λ = 0 and, by the above identification, p = (λ 2 , 0, 0). We set u * = u − λ 2 so that m p = (u * , z, s). We have
which implies that ρ is surjective. Moreover we have
which has an admissible critical point at p. This completes the proof. We re-order the weight and set P = P(1, 3, 3, 4, 2) and denote by x, y, z, t, w the homogeneous coordinates of weight 1, 3, 3, 4, 2, respectively. We work over an algebraically closed field k of characteristic 2. Let Λ be the union of {w 4 t} and the set of monomials in variables x, y, z, t of weighted degree 12. We consider weighted hypersurfaces X ⊂P defined by an equation of the form w 6 + δw 4 t + f (x, y, z, t) = 0, where δ ∈ k. These X are parametrized by T k , where T ∼ = A N Z is the space parametrizing the polynomials in Λ Z .
In the following, we assume that X is general. By re-scaling t, we assume that δ = 1. We define Z = (w 3 +w 2 t + f 12 = 0) ⊂ P := P (1, 3, 3, 4, 4) , wherew is the coordinate of weight 4 other than t (so that x, y, z, t,w are the coordinates of P), and let π : X → Z be the morphism defined by π * w = w 2 , which is a double cover of Z branched along the divisor (w = 0) ∩ Z.
Lemma 7.14. Z is quasi-smooth.
Proof. We see that Z is quasi-smooth along (w = 0) since
Let Λ be the union of {w 3 ,w 2 t} and the set of monomials in variables x, y, z, t of weighted degree 12, so that Z is a general member of L(Λ). By Lemma 4.6, it is enough to show that Λ satisfies ( †) I,P for any I such that Π * I,P ⊂ (w = 0). The existence of monomials x 12 , y 4 , z 4 , t 3 ∈ Λ shows that ( †) is satisfied for each vertex, i.e., Π * x , Π * y , Π * z , Π * t . For the 1-dimensional strata, we have ∂{x 9 z, y 4 } ∂z Finally, for the 3-dimensional stratum Π * x,y,z,t , we have ∂{t 3 , z 3 y, zx 9 , x 12 } ∂{y, z, t}
Thus Z is quasi-smooth.
We set Z • = Z ∩ P • wt=1 = Z ∩ (x = 0) and X • = π −1 (Z • ) = X ∩ (x = 0). Lemma 7.15. X has only isolated cyclic quotient singularities along X \ X • .
Proof. We claim that X is quasi-smooth along X ∩(w = 0). We denote by NQsm(X) and NQsm(Z) the non-quasi-smooth loci of X and Z, respectively. Then it is easy to check that NQsm(X) ∩ (w = 0) = π −1 (NQsm(Z)), which proves our claim since NQsm(Z) = ∅ by Lemma 7.14.
Note that X \ X • = X ∩ (x = 0). We need to show that X is quasi-smooth along X ∩ (x = 0) ∩ (w = 0). By Lemma 4.6, it is enough to show that Λ ∪ {w 6 } satisfies the condition ( †) I,P for any I such that x vanishes along Π * I,P but w does not. Specifically, it is enogh to check ( †) for the strata Π * w , Π * y,w , Π * z,w , Π * t,w , Π * y,z,w , Π * y,t,w , Π * z,t,w , Π * y,z,t,w . It is clear that ( †) is satisfied for the 0-dimensional stratum Π * w since w 6 ∈ Λ ∪ {w 6 }. Therefore X is quasismooth along X \ X • .
Lemma 7.16. The sectionw ∈ H 0 (Z, O Z (4)) has only admissible critical points on Z • .
Proof. For g ∈ Λ k , let Z g be the weighted hypersurface in P defined byw 3 +w 2 t + g = 0 (so that we have Z = Z f ). We see that, for a point p ∈ (w = 0) ∩ Z g , the sectionw can be chosen as a part of local coordinates of Z g at p, so thatw does not have a critical point at any point of p ∈ Z g ∩ (w = 0). We set U = (w = 0) ∩ P • wt=1 ⊂ P. Let F be the affine space parametrizing the homogeneous polynomials in variables x, y, z, t of weighted degree 19 and define W cr = { (g, p) |w has a critical point at p ∈ Z g } ⊂ F × U,
|w has a non-admissible critical point at p ∈ Z g } ⊂ W cr .
Let p ∈ U be a point. We will compute the dimension of the fibers W cr p and W na p over p of the projections W cr → U and W na → U , respectively. Since p ∈ U ⊂ P • wt=1 and P • wt=1 = (x = 0), the section x does not vanish at p and thus we may assume p = (1 : 0 : 0 : λ : µ) for some λ, µ ∈ k with µ = 0 after replacing y and z.
By setting x = 1, we think of U as an open subset (w = 0) of the affine space A 4 with coordinates y, z, t,w. The point p corresponds to (0, 0, λ, µ) ∈ A 4 . We see that Z g ∩ U is defined byw 3 +w 2 t + g(1, y, z, t) = 0. We set t * = t − λ and write g(1, y, z, t) = α + g 1 + g 2 + · · · , where g i = g i (y, z, t * ) is homogeneous of degree i. Note that y, z, t * can be chosen as local coordinates of Z g at p. Passing to the completionÔ Zg,p ∼ = k[[y, z, t * ]], we think ofw =w(y, z, t * ) as a formal power series in y, z, t * . We writew = µ + h 1 + h 2 + · · · , where h i = h i (y, z, t * ) is homogeneous of degree i. By looking at the constant terms and the degree 1 terms in the equation w 3 +w 2 t + α + g 1 + g 2 + · · · = 0, we have the relations: α = µ 3 + µ 2 λ, h 1 = t * + λ −2 g 1 .
Note that α = µ 3 + µ 2 λ is equivalent to the condition p ∈ Z g . The sectionw has a critical point if and only if h 1 = 0, that is, t * + µ −2 g 1 = 0. This implies that 4 conditions are imposed in order for (g, p) to be contained in W cr p , that is, W cr p is of codimension 4 in F × {p}.
In the following, we keep the above setting and we assume that (g, p) ∈ W cr p and we will show that W na p = W cr p . Now we have α = µ 3 + µ 2 λ and h 1 = t * + µ −2 g 1 = 0. By looking at the degree 2 and 3 terms in the defining equation of Z g ∩ U , we have
that is,w = µ + µ −2 g 2 + µ −3 g 3 + · · · .
We explicitly construct g as follows:
For the above g, we have g 1 = µ 2 t * , g 2 = µ 2 (yz + t * 2 ) and g 3 = µ 2 (t * 3 + · · · ), so that w has an admissible critical point at p. This shows that W na p = W cr p . Therefore, since dim U = 4, we conclude the sectionw has only admissible critical point on Z • = Z ∩ U for a general f . 
Example of non-rational Fano 3-folds and absolute complexity
We recall the rationality criterion in terms of absolute complexity given in [4] . . Let X be a proper variety of dimension n and let (X, ∆) be a log pair. The absolute complexity γ = γ(X, ∆) of (X, ∆) is n + ρ − d, where ρ is the rank of the group of Weil divisors modulo algebraic equivalence and d is the sum of the coefficients of ∆. If γ(X, ∆) < 3/2, then there is a proper finite morphism Y → X of degree at most two, which isétale outside a closed subset of codimension at least two, such that Y is rational.
In particular if Cl(X) contains no 2-torsion then X is rational.
In [4] , various examples are provided in order to show that the above criterion is sharp in many aspects (e.g. we cannot drop log canonicity of (X, ∆), nef-ness of −(K X + ∆), or the non-existence of 2-torsion of Cl(X), etc.). However, no example is provided to show that the inequality γ < 3/2 is sharp. The aim of this section
